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1 Short overview of the NIEP 

Spectral properties of (entrywise) nonnegative matrices have been studied 
widely in recent years. One of the central problems in this area is the non- 
negative inverse eigenvalue problem (NIEP); the problem of finding nec- 
essary and sufficient conditions in order that a list of complex numbers 
a = (Ai, A2, • • • , A„) be the spectrum of an entrywise nonnegative matrix. 
In this section we recall some results on the NIEP that will provide a setting 
for the rest of the paper. 

If a list of complex numbers a is the spectrum of some nonnegative ma- 
trix A, we say that a is realizable and that A is a realizing matrix for a. 
A classical result of Perron and Frobenius tells us that a realizable list of 
complex numbers has to contain a nonnegative real number that is greater 
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than or equal to the absolute value of any other number in the list. This 
number is called the Perron eigenvalue. Since for any nonnegative matrix A 
the trace of A k , k = 1, 2, . . . , is nonnegative, the following conditions must 
hold: 

s k (a) = \ k + \ k + ... + \ k >0. 

In pQ and independently in [2], JLL inequalities were proved. They tell us 
that a realizable list of n complex numbers a satisfies 

n'-'sUa) > s k m {a) (1) 

for all positive integers k and m. Necessary conditions that we mentioned 
above are sufficient only in the case where n < 3, A solution for n = 4 
appears in the PhD thesis of Meehan [3] , and a different solution in terms of 
the coefficients of the characteristic polynomial is given in [I]. 

While we are far from the complete solution to the NIEP, its variation, 
the problem of characterizing the nonzero spectra of nonnegative matrices, 
was solved by Boyle and Handelman in [TU] . We say that a list of n complex 
numbers a is the nonzero spectrum of a nonnegative matrix, if there exists 
a nonnegative integer N such that a together with N zeros added to it, is 
the spectrum of some (n + N) x {n + N) nonnegative matrix. Boyle and 
Handelman proved the following result. 

Theorem 1.1 (JUtf ) A list of complex numbers a = (Ai, A 2 , . . . , A n ) is the 

nonzero spectrum of some nonnegative matrix if the following conditions hold: 

1. a has a Perron eigenvalue Ai with \\ > |Aj| for i = 2, . . . , n. 

2. a is closed under complex conjugation. 

3. For all positive integers m, 

Sm(o-) > 0, 

and s m (p) > implies s m k{o') > for all positive integers k. 

Under the assumptions of the theorem, a realizing matrix can be chosen 
to be primitive, and in this case the conditions are necessary and sufficient. 
See Friedland [11] for an extension to the irreducible case. 

The proof of Theorem 11.11 in [10] is not algorithmic and does not provide 
a bound on the minimal number N of zeros required for realizability. Laffey 
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found a constructive approach to the Boyle and Handelman theorem 
using the matrix 
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Then there exists a positive integer N such that a with N zeros added is the 
spectrum of a nonnegative matrix X n+N defined in (TJ|) for some nonnegative 
real numbers Xi, i — 1, 2, . . . , n + N. 



Furthermore, a bound on the minimal number of zeros iV needed to be 
added is presented in [12J. One of the main observations needed to prove 
Theorem 11.21 is the following proposition. 

Proposition 1.1 ( [12J ) Let /i 2 , . . . , fi n ) be a list of complex numbers 
and let 



q(x) := Y[(x - fij) =x n + q x x n 1 + . . . + q n . 
// we put Xk := Y^=i i n then: 



(3) 



det (xl n — X n 



x n + nq x x n 1 + n(n - l)q 2 x n 2 + . . . + n\q n . (4) 
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Consider a polynomial: 



F(x) = (x - Ai)(x — X 2 )...(x — X n ) 



x n + p 1 x n ~ 1 + ...+p n . 



If the coefficients Pi < 0, the companion matrix C(F) of F(x) has nonnegative 
entries and realizes (Ai, A2, • • • , A n ). While this condition on F(x) is quite 
restrictive, it does occur in some interesting situations. For example, the 
first major result on the NIEP was obtained by Suleimanova [5], who proved 
that if cr consists only of real numbers and Ai > and X{ < 0, % — 2, . . . , n, 
then a is realizable if and only if 

s x (p) = X 1 + X 2 + ... + X n > 0. 

Friedland jH] obtained an elegant proof of this result by establishing that the 
companion matrix of F(x) is nonnegative in this case. 

Laffey and Smigoc [7] proved that if all elements of a other than its Perron 
element have non-positive real parts, then a is realizable if and only if a is 
realizable by a matrix of the form C+al, where a > and C is a nonnegative 
companion matrix. They gave a complete easy to verify characterization of 
such a.. 

More generally, they also considered realizations using matrices of the 
form 

(C{h) N, ... \ 
C(/ 2 ) N 2 

, (5) 





V Ri 



••• iV fe _! 
Rk-2 Rk-1 C(fk)J 



where 



C(fi) denotes the companion matrix of polynomial /j for i = 1,2, . . . , k, 

Ni denotes a matrix of an appropriate size that has the element in the 
lower left corner equal to 1 and all other elements equal to zero for 
i = 1, . . . , k — 1, 

Ri denotes a matrix of an appropriate size whose elements are all equal 
to zero except possibly those on the last row for i = 1, . . . , k — 1. 
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They have used such matrices to improve known bounds for realizability in 
the NIEP [5J[S]. They have also observed that a large class of spectra can be 
realized in this way. 

In establishing a conjecture of Boyle and Handelman on the realizabil- 
ity of spectra by nonnegative integer matrices Kim, Ormes and Roush [?] 
introduced a formal factorization of 

n 

fit) = na - Ai*) 

in the form 

f(t)= gi (t)g 2 (t)...g k (t)r(t), 

where l — gj(t) are polynomials with nonnegative coefficients and 1 —r(t) is a 
formal power series with nonnegative coefficients, in order to get realizations 
over the semiring Z + [i] of polynomials with nonnegative integer coefficients. 
This enabled them to deduce realizations over the nonnegative integers. It 
turns out that one can obtain realizations of block-companion type (jSJ) above 
in this case. 

The results mentioned above explain how the nonnegativity of coefficients 
of certain polynomials related to the characteristic polynomial F(x) can be 
used effectively in the NIEP. This led to considering finding such results for 
general realizable a. In particular, to the question: if 

/(t) = (l-A 1 t)(l-A 2 t)...(l-A n t), 

where (Ai, A 2 , . . . , A„) is a realizable list, does 1 — /(i) 1 '" have nonnegative 
coefficients? The answer is "No," in general. However, we observed that in 
all cases we tested, 1 — f(t) l l N had nonnegative coefficients for all sufficiently 
large positive integers N . Thus we were led to a conjecture that this always 
occurs. In this paper we prove the conjecture for lists a having a Perron 
element p = Ax > |Aj|, j = 2,...,n, and having its Newton power sums 
Sfc(c) > for k > 2. The proof is quite indirect and involves the analysis of 
the matrices X n above. Several interesting properties of these matrices are 
uncovered and used in the proof. 
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2 Power series with positive coefficients 

Let a = (Ai, A2, • • • , A n ) be a list of complex numbers. Let us define 

n 1 
F(x) = ]J(x - A*) and f(t) = t n F{-). (6) 



i=l 



Notice that f(t) depends only on the nonzero elements of a. Observe that 
the companion matrix of F(x) is nonnegative if and only if 1 — f(t) has 
nonnegative coefficients. While this is true only for some realizable lists 
a, we have noticed that in many cases 1 — f{t) 1 ' n has positive coefficients. 
In particular, the following result was conjectured and proved by Laffey [IB] . 
Different proofs have been found by Aharonov [H] , Holland [15] and Kovacec 

nm 

Theorem 2.1 ( |13j ) Let Ai, A2, . . . , A n be positive real numbers and let 

l/n 



f(t) = IB 1 " A ^ 



v i=l 



Then 1 — f(t) has nonnegative coefficients. 

Let (Ai, A2, • • • , A n ) be a realizable list of complex numbers and let 

■n 

f(t) = l[(l-X l t). 

1=1 

The following examples show that 1 — /(t) 1//n need not have nonnegative 
coefficients. 

Example 2.1 Let 

a = (1, — , -— ) and fit) = (1 - *)(1 - — t)(l + —t). 
V ' 10' 10 J JK ' y A 10 A 10 ; 

The list a is realizable, but the power series expansion of 1 — /(t) 1 ^ 3 does not 
have all its coefficients nonnegative. The power series expansion ofl — f(t) l l A 
has positive coefficients. 
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Example 2.2 Let 

qq qq qq qq 

a = h .11 __1_) and = (l _ f )(i _ ll t )(l + _l_ t ). 
v ' 100' 100 ; JK ' y A 100 A 100 ; 

TTie foi a is realizable, but the power series expansion of 1 — f(tY^ k , k = 
3, 4, 5, does not have all its coefficients nonnegative. The power series expan- 
sion of 1 — /(t) 1 ' 6 /ias positive coefficients. 

Let -F(x) be the characteristic polynomial of an n x n positive matrix A 
and let f(t) be as defined in ([6]). In this work we will prove that there always 
exists a positive integer N such that 1 — /(t) 1//Ar has nonnegative coefficients. 

Definition 2.1 Let F(t) = Ylt^o IV* fre a polynomial in t or a formal power 
series expansion of F(t) around zero, where the coefficient Tj ofV is a poly- 
nomial for all powers t J : 

Tj= ^ x^xf . . .x% n f3(a 1 ,a 2 , • • • ,at n ), 

(ai,Q 2 ,...Q„)eN" 

(3(ai, a 2 , • • • , a n ) G JR.. We say that F(t) is monomially positive if the coef- 
ficients «2, • • • , «n) o^e nonnegative. 

Example 2.3 The polynomial po(t) — t + — X2) 2 t A is not monomially 
positive. 

Let X n be the matrix defined in and let us define 

F n (x) = det(x/ n - X n ). 
Furthermore, let fo(t) = 1, and for n > 1 

f n (t) = det(I n -tX n ) 



be the polynomial obtained from F n (x) by / n (t) = t n F 1 
Notice that f n (t) is a polynomial in i of degree n 

n 

/„(*) = l-X^Ti**. 

3=1 



n 77i /!' 
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where the coefficients 7^ of t are in turn multivariable polynomials 111 X2-, • • • •) X n '. 
7j = x^x^ 2 . . .x° n (3(a 1 ,a 2 , ■ ■ ■ ,a n ) eR{xi,x 2 , . . . ,x n }. 

ai+2a2 + ...+na n =j 

To explain the sum under the summation sign in the above formula we note 
that in the expansion of the determinant of (I n — tX n ) every occurrence of 
Xj is accompanied with P , so we can think of Xj as being associated with the 
weight j. Now let us look at the formal power series expansion of (/ n (^)) 1 ^ n : 

00 

(/«(i)) 1/n = l-E^ 
3=1 

7j = 5^ air^a 2 ■ ■■ a: ^( Q! i> "2, ■■ ■,«„). 

ai+2a2+---+no n =j 

We will show that the coefficients 0(a%, a 2 , ■ ■ ■ , a n ) are nonnegative; or equiv- 
alently that 1 — (f n {t)) l l n is monomially positive. 

Theorem 2.2 Let f n (t) = det(/ n — tX n ), where X n is defined in (TJ)]. Then 

1 " (fn(t)) 1/n 

is monomially positive. 

Using Theorem 11.21 and Theorem 12. 2^ we can prove the main result of this 
paper. 

Theorem 2.3 Let f(t) = Yi2=i0- ~ ^) ^ e a polynomial that satisfies: 

1. s* = £?=i Aj>0/orfc = l,2,... 

2. Ai > I Aj| for i — 2, 3, n. 

Then there exists a positive integer N so that 1 — f(t) l l N has positive coef- 
ficients for all N > Nq. 

Proof. Let f(t) be a polynomial satisfying the assumptions of the theo- 
rem. By Theorem 11.21 there exists a positive integer N so that 

f{t) = det{I No -tX No ), 
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for a nonnegative matrix X^ of the form (121). Now Theorem 12.21 tells us that 
1 — /(t) 1 ^ has nonnegative coefficients. We have 

oo 

J'=l 

where 7j > and 71 = > 0. 

Since the power series expansion of 1 — (1 — z) a around z = has positive 
coefficients for a G (0, 1) it follows that for N > N 

1 - f{ t fl N = 1 - (J(t)Wo)iVo/JV 

has positive coefficients. □ 



Corollary 2.1 Let A be an n x n positive matrix and let f(t) = det(/ n — 
tA). Then there exists a positive integer N so that 1 — f{tY' N has positive 
coefficients for all N > N Q . 

Example 2.4 The power series expansion of 1 — ((1 — t 2 )(l — £ 3 )) 1/W around 
t = does not have nonnegative coefficients for any positive integer N. For 
example, it is easy to check that the coefficient oft 5 is always negative. This 
example shows that the existence of the Perron root Xx > \ Aj|, % = 2, 3, . . . , n, 
is a necessary assumption in Theorem \2.3[ 

To prove a partial converse of Theorem 12.31 we need the following well 
known lemma. 

Lemma 2.1 Let ¥ be a field of characteristic zero, A G M n (W), f(t) = 
det(/ n — tA) and Sk = trace(^4 fc ). Then: 



Proposition 2.1 Let f(t) = Y\7=x(^ ~ ^) an ^ ^ s k = Y^=i ^i- If there 
exists a positive integer N such that 1 — f(t) l l N has positive coefficients, then 
Sk > for all positive integers k. 
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Proof. Let hit) = /(t) 1//7V , where N is chosen so that 1 — h(t) has positive 
coefficients. Then —h'(t) and both have positive coefficients. This implies 
that 

m 
hit) 

has negative coefficients. On the other hand: 

h'[t) 1 fit) 



h(t) Nf(t) g^" 1 



by Lemma [2. II □ 



3 Special cases 

Before we give a complete proof of Theorem 12.21 in Section [5] we look at some 
examples and special cases. To illustrate our problem let us look at a short 
proof of Theorem 12.21 in the case when n — 2. 

Example 3.1 In the case n = 2 we have 

X 2 =( Xl 1 ) and f 2 (t) = l-2t Xl +t 2 (xl-x 2 ). 



k x 2 Xi 
Now we have 

/ 2 (t) 1/a = ((1 - x,tf - x 2 t 2 ) 1/2 

X 2 t 2 \ V2 



--(-&-Cf)((r^)' 



i-x^-J^Qji 



3=1 

(x 2 t 2 y 



, . xit) 2 '- 1 I ' 

where Q = ( — l) 3 ' -1 (^ 2 ) > 0. Notice that (j~^W^ ^ s monomially positive, 
which proves that 

1 - / 2 W 1/2 

zs monomially positive. 
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Similar arguments may be used to prove Theorem 12.21 in the case n = 3 
and n = 4, but we were unable to modify this argument to prove the general 
statement, and had to adopt a more circuitous route. 

Theorem 12.21 implies that 

1 - (fn(t)) 1/N = 1 - 9N,n(t) 

is monomially positive for all N > n. However, no N < n would give us 
the result. To see this we consider the case where x 2 = x% = . . . = x n = 
and f n (t) = (1 — X\t) n . Clearly, the conclusion of the Theorem holds, since 
(fn(t)) 1/n = 1 - x x t, but is not true for (f n (t)) 1/N for any N < n. 

Now we consider the special case where xi = 0, x^ = . . . = x n = 0. 
Without loss of generality we may assume that X2 = 1. Let us denote 



X, 



n,2 



/o 
1 









1 







2 













1 










\ 





1 





(n-i; 





and f n ,2(t) = det(7 n - tX n>2 ). 

Proposition 3.1 1 — (/n^W) 1 ^^ has nonnegative coefficients. 
Proof. First notice that f n ,2{t) is a function of t 2 . We can write 



/n,2(*) 



i=l 



for some complex numbers aj. Let D n be the diagonal matrix with the diag- 
onal elements 

l,l,l/V2,l/V3!,...,l/V(n-l)!. 

Then D~ l X n 2 D n is a symmetric matrix, so all the roots of the polynomial 
fn,2(t) are real. This implies that > for i = 1,2, ... , [n/2\. Now we use 
Theorem 12.11 to finish the proof. □ 
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4 The Trace Vector of X 



In [T7] the notion of the trace vector was introduced and a number of inter- 
esting results associated with it were proved. Pereira [17] showed that there 
exists a trace vector for every matrix A E C nxn , however it may, in general, 
be difficult to find. We will show that the trace vector for X n is the standard 
basis vector e n . 

Definition 4.1 Let ¥ be a field of characteristic 0,i6 M n (F) . Then 

tUA) = -traceM) 
n 

is called the normalized trace of A. 

Over a general field F of characteristic we can define the trace vector 
in the following way. 

Definition 4.2 Let ¥ be a field of characteristic 0, A E M n {¥) and z E ¥ n . 
We say that z is a trace vector of A if 

z T p(A)z = t l (p(A)) 

for all polynomials p. 

Remark 4.1 Pereira [11] defined a trace vector for matrices over the com- 
plex field as in Definition s.^ except that the transpose is replaced by * which 
means "conjugate complex transpose" : 

z*p(A)z = t 1 (p(A)). 

He proved existence of a trace vector of his form for any nxn complex matrix, 
but we do not consider existence results for general matrices here. 

We need a version of Theorem 2.5 of Pereira [17] over general fields. 

Theorem 4.1 ([HI) Let ¥ be a field of characteristic 0, A E M n (¥), and 
let A(n) E M n _i(¥) be the principal submatrix obtained from A by deleting 
the n-th row and the n-th column. The standard basis vector e n is a trace 
vector of A if and only if 

PA(n)(x) = ^PA(x)i 

where pa andpA( n ), respectively, denote the characteristic polynomials of A 
and A{n), and -j- stands for the derivative with respect to x. 
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Proof. Pereira's proof of this result easily extends to general fields and 
we include it here for convenience. 
Formally we can write 



oo 1 



X 3+1- 

j=0 

Let Ai, A2, . . . , A n be the eigenvalues of A in an appropriate extension field of 
F. Let e n be a trace vector for A, then 

P -^ = el(xI n -Are n 
p A (x) 

3=0 

= — trace((x/ n — A)^ 1 ) 

n 

= -Y 1 

n z — ' x — A. 
Conversly, let Pyi(n)(^) = ^£pa(x). Then 



i^I-n A") &n 



PA(n){X) 

Pa(x) 



1 iM*) 



n p A (x) 

n 

n x — \j 

j=l 3 

= —trace((xl n — Ay 1 ), 
n 

□ 

Next we find recursive equations for F n (x) and f n (t). 
Lemma 4.1 Let us define f (t) := 1 and F (x) := 1. Then: 
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1- F n (x) {x X\)F n _\{x^ J^j=2 (rt — iY^i^n— 



i=2 ( n -i)V 
n (rt— 1)! 



2. f n (t) = (1 - X X t)f n ^{t) - Er=2 jB$%ifn-i(t)t\ 

Proof. We can prove the recursive equation for F n (x) by expanding 
det(xl n — X n ) along its last row. The recursive relation for f n (t) then follows 
from the equality f n (t) = t n F n {\). □ 



Proposition 4.1 j^F n (x) = nF n _i(x) 

Proof. We will prove this proposition by induction on n. Let assume 
that 

^F k (x) = kF k ^(x) (7) 

for k — 1, 2, . . . , n — 1. Now we differentiate the recursive equation for F n (x) 
from Lemma 14.11 and use ([7j) : 

-J- F n(x) = F n ^x(x) + (X- X^-^-Fn^x) - ^^X~F n _i(x) 

i=2 

n-1 

= F n ^(x) + (x- xi)(n - l)F n _ 2 (x) - ^ ^^ x i( n - i)F n -i-i(x) 

i=2 
n-1 



F n _x(x) + (n - 1) I (x - Xi)F n - 2 (x) - ^2 (i-i-i)! ^-^-^- 1 

\ i=2 

F n _i(x) + (n- l)F n _i(x), 



where the last equality follows form the recursive equation for F n _i (x) . □ 



Corollary 4.1 The standard basis vector e n is a trace vector for X, 
Proof. Corollary of Theorem fl~Tl and Proposition 14.11 □ 
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5 Monomially positive power series 

Lemma 5.1 The power series expansion of ^F^p around t = is monomi- 
ally positive for all positive integers n. 

Proof. If n = 1 the statement is clear since fo(t) = 1 and f\(t) = 1 — xit. 
Suppose n > 2. Partition X n in the following way: 



X n — 



where u n = (0, . . . , 0, n — 1) T and v n = (x n , £ n -i, . . . , x 2 ). Then 

/„(*) = det(J„ - tX n ) 

= det(/ n _i - tX n _i)(l - xit - - tX n _i) _1 M n t 2 ). 

So 

/n-l(t) 1 

/„(*) (1 - Xi* - ^(4-1 - tX^-HnV) ■ 

From the formal expansion 

(In-i ~ tX n -i) 1 = I n -i + tX n _i + t 2 X^_ 1 + . . . , 
we see that v^(J„_i — tX n _i) _1 u n is monomially positive. We have 

fn-lit) _ 1 

/ n (i) 1-Z7„(t)' 

where U n (t) is monomially positive. This proves that ^ n fff is monomially 
positive. □ 

Corollary 5.1 The power series expansion of around t = is mono- 
mially positive for k — 0, 1, 2, . . . , n — 1. 

Proof. We write 

/*(*) fk(t) fk+l(t) fn-lit) 

f n (t) uia)'" /»(*) 

and note that the product of monomially positive power series is a monomi- 
ally positive power series. □ 
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Lemma 5.2 Let tk{n) = -traceX^; denote the normalized trace of X*. Then 
tk(n)—tk(n—l) E M. + [xi,X2, ■ ■ ■ ,x n ], whereM. + denotes the set of nonnegative 
real numbers. 

Proof. Since e n is a trace vector for X n we have 

{X*) nn = -traced = t k (n) 
n 

and 

trace(X^(n)) = (1 - -)trace(X^), (8) 

n 

where X^in) denotes the matrix obtained from X^ by deleting its last row 
and column. Since X n _i = X n (n) it is clear that 

trace(X^(n)) — trace(X^_ 1 ) G IR + [xi, £ 2 , ■ ■ ■ , x n ]. 

Now (ED tells us 

(1 - -)trace(X^) - trace(X*_ 1 ) G R + [x 1 ,x 2 , . . .,x n ]. 
n 

We conclude that 

h{n) - t k {n - 1) G R+[x 1 ,x 2 , . . . ,x n ], 
as we wanted to prove. □ 



Lemma 5.3 The power series expansion of w n {t) = jhn^r around t = 
is monomially positive. 

Proof. By Lemma [2.11 we have: 



nf n (t) 



>Z /,(")/' '• (9) 



Integration of the above equation with respect to t gives us 

1 „ / % nt^ tj(n)P , , 

-logf n (t) = -J2 J1J -- (10) 
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Now we have 



logW n (t) = log /„_!(*) - (1 - -) log f n (t) 

n 



X1 tAn-l)P . .At,(n)*» 



n 



1)E w^l + ( „_ 1)l: 

3=1 J 3=1 J 

(t.( n )_ fi ( n _l)) f i 



Using Lemma 15.21 we conclude that logiu n (i) is monomially positive. This 
implies that w n (t) = exp(log w n (t)) is monomially positive. □ 

Now we are ready to prove Theorem 12.21 

Proof of Theorem 12.21 We will prove the theorem by induction on n. 
Observe that fi(t) = 1 —x\t and the statement is obviously true in this case. 
Using Lemma 14.11 we get 

x l/n 

= ((l-x 1 t)/„_ 1 (t)) 1 /«(i_K(t)) 1/ ", 

where 

(n - 1) . . . (n - i + l) Xi f n -4(t)f 



Vn(t) = 



i=2 



(1 - Zl*)/n-l(*) 



Notice that Corollary 15.11 implies that V n (t) is monomially positive. The 
Taylor expansion of (1 - t) 1 /™ around t = gives us 

oo 
i=l 

where a, > 0. It follows that: 

oo 

(fn(t)) 1/n = ((1 - *lt)/n-l(t)) 1/n " ^ ~ Xlt)fn-l(t)) 1/n (V n (t))\ (11) 

i=l 

Now we deal with each term in the above expression separately. 
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Step 1: We prove that 

l-((l-Slf)/n-l(0) 1/B 

is monomially positive. 

By the induction hypothesis we have 

oo 

/n-l(f) 1/(B_1) = 1-^-^7^', 

i=2 

where 7j G X2, • • • , x n ]. In addition to induction we also use here that 

71 — Xi, which is easy to see. 

((1 -* 1 t)/„-i(f)) 1/B = (1 -x lt y/- (Un-m ,(n ' l) ) {n ' 1),n 

(00 \ (n-l)/n 

Since (1 - t)^- 1 )/" = 1 - £~ x /3 fc t fc , where & > 0, we have 

- X1 t)f n - 1 {t)) i '» = (1 - ^ - f> ( ^_ 2 ^r 

We finish this step of the proof by observing that (1 — Xit) - ^ -1 ^, k = 1,2, . . ., 
is monomially positive. 
Step 2 We prove that 

W n (t) = ((l-x 1 t)f n . 1 (t)) 1 ' n V n (t) 

is monomially positive. 

_ A (n-l)...(B-i4- fn-i(t) fn-2(t) 1 
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Corollary 15.11 tells us that 

fn-i(t) 
/n-2(t) 

is monomially positive. Lemma [5.31 tells us that 

/n-2(t) 

, , n — 2 

fn-l(t) — 

is monomially positive. From the induction hypothesis we get that 

is monomially positive, and since 1 — (1 — x) a has positive coefficients for 
a G (0, 1), we conclude that 

I" fn-lit)^^ 

is monomially positive. This implies that 

1 



/«-i(f) 



1 



n(n — 1) 



is monomially positive. 
Step 3: We prove that 



((l-*lt)/n-l(t)) 1/n (K(t)) fc 

is monomially positive. 
We have 

((1 - x 1 t)f n ^(t)) 1 / n (V n (t)) k = (((1 - x 1 t)f n ^ 1 (t)) 1 / n V n (t))(V n (t)) k - 1 

= W n (t)(V n (t)) k ~ 1 - 

Since V n (t) is monomially positive so is (V n (t)) k ~ l , and we have already 
proved that W n (t) is monomially positive. □ 
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6 Sign of a determinant 



In this final section we show that the positivity of coefficients established in 
Theorem 12.21 is equivalent to the positivity of a certain class of determinants. 
Let 

Sfc(n) = traceX^ 

denote the trace of X% and 

tk(n) = -traceX^ 
n 

denote the normalized traces of X^. We define the following matrix 



(12) 







( h(n) 


1 













\ 






t 2 {n) 


ti(n) 


2 












T m (n) 




h(n) 


t 2 (n) 


ti(n) 


3 



































h(n) 


t 2 (n) 


h(n) 


(m — 1 


) 






\ t m (n) 




U(n) 


h(n) 


t 2 (n) 


*i(n) 


/ 


Theorem 6.1 


Let f n (t) = 


det(I n - 


tx n ) 


and let 












K(t) 


= /«(*) v 


n = 1 


oo 


(n)t j . 







Then 



lm{n) = — r(-l) 
ml 



) m - 1 detT m (n). 

nil 

Proof. First we compute 

K(t) = hmr^at). 

n 

Now we use Lemma I2TT1 to get 

KM i fJM 

K(t) nf n (t) 

-. oo 

-(-E^h^ 1 ) 
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Let 

oo 

h n (t) = l-^j(n)t j . 

3=1 

Theorem 12.21 tells us that jj(n) G M. + [x\,x 2 , ■ ■ ■ ,x n }. Comparing coefficients 
of t in the equation 

oo oo oo 

1 = (i - E^^xE^ -1 ) 

3=1 3=1 3=1 

we get Newton identities: 



3-1 



31j{n) = tj(n) - ^7 i (n)^-_ i (n) 



that can be written in the matrix form: 

... 0\ / 7l ( n )\ 



/ 1 

ti(ra) 2 

t 2 (n) ti(n) 3 











7s (n) 



/ r ti(n)\ 
<s(n) 

\t m (n)J 



V m _i(n) ... t 2 (n) ti(n) m/ \7m(w)/ 

We use Cramer's rule to find 7 m (n) : 

/ 1 ... h(n)\ 

t x (n) 2 ... t 2 \n) 

t 2 (n) ti(n) 3 '•• : t 3 (n) 

: ' ■ ■ ' ■ ■ '•• m — 1 : 

\t m -i(n) ... t 3 (n) i 2 (n) t^n) t m {n)J 



7m H = — rdet 
ml 



ml 



-l)" 1 " 1 det T m (n) 



(13) 



The argument involving Cramer's Rule in the context of the Newton identities 
is due to Brioschi. Such identities can be found in ITS]. □ 



Corollary 6.1 (— l) m 1 det(T m (n)) e M. + [xx, x 2 , . . . , x n ] for all positive in- 
tegers m and n. 



Proof. Corollary of Theorem 12.21 and Theorem 16. 1[ □ 
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7 Concluding Remarks 



In this paper we have proved a positivity result on power series occurring in 
the study of the NIEP. In the proof we used properties of a special patterned 
matrix X n defined in (j2J). The matrix X n has interesting combinatorial prop- 
erties which will be presented in our future work. 

The statement of Theorem 12.31 purely involves hypothesis on the poly- 
nomials and their roots. This suggests that it should be possible to prove 
the theorem using methods of complex analysis without recourse to matrix 
theory, but we have not succeeded in doing this so far. 
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